Abstract: We non-perturbatively determine the renormalization constant and the improvement coefficients relating the renormalized current and subtracted quark mass of (quenched) valence quarks propagating in a sea of O(a) improved two massless quarks. We employ the Schrödinger functional scheme and fix the physical extent of the box by working at a constant value of the renormalized coupling. Our calculation yields results which cover two regions of bare parameter space. One is the weak-coupling region suitable for volumes of about half a fermi. By making simulations in this region, quarks as heavy as the bottom can be propagated with the full relativistic QCD action and renormalization problems in HQET can be solved non-perturbatively by a matching to QCD in finite volume. The other region refers to the common parameter range in large-volume simulations of two-flavour lattice QCD, where our results have particular relevance for charm physics applications.
Introduction
Hadronic observables can be calculated with non-perturbative accuracy by recurring to lattice QCD. Among the shortcomings of all the lattice formulations of the continuum theory are cutoff effects, an unavoidable source of systematic errors that is particularly relevant in the case of flavoured quantities. On the one hand, cutoff effects can be quantified and removed by repeating the calculations with different lattice spacings and by extrapolating the results to the continuum limit. On the other hand, the bigger are the leading cutoff effects the harder will be the extrapolations and/or the computational effort required to perform simulations at smaller values of the lattice spacing.
There exist lattice formulations of the continuum theory carrying leading cutoff effects proportional to the square of the lattice spacing. O(a) improvement is achieved at the price of a high computational cost by working with lattice Dirac operators, solutions of the celebrated Ginsparg-Wilson relation, that preserve at fixed cutoff a lattice version of chiral symmetry (see ref. [1] for a recent review). Automatic O(a) improvement of some or all physical observables can be also achieved by introducing in the naive lattice fermion action a dimension-five operator preserving a non-singlet chiral symmetry while breaking at the same time the doubling symmetry and another symmetry of the continuum action, e.g. parity in the case of the twisted mass formulation [2] .
In this paper we concentrate on the Wilson formulation of lattice QCD that is very well understood, provides a strictly local fermion action, preserves parity and all the vector symmetries of the continuum theory and where O(a) improvement is not automatic, but can be obtained by implementing Symanzik's program [3, 4, 5] . Furthermore, improvement can be restricted to on-shell quantities and correlation functions at physical distances without any loss [6] .
In particular we calculate non-perturbatively with two massless dynamical flavours of sea quarks the coefficients b m and b A − b P and the renormalization constant Z that are needed in order to renormalize (quenched) valence quark masses in the improved theory. The same quantities have been obtained in the quenched case in refs. [7, 8, 9] , and here we closely follow the strategy devised in these papers. We employ the Schrödinger functional scheme [10, 11, 12, 13] and fix the physical extent of the box by working at a constant value of the renormalized coupling.
Our results span two regions of bare parameter space. The first is a weak coupling region corresponding to a fixed physical volume of about 0.5 fm. Simulations on such a small volume are required in order to study heavy-light hadronic systems on the lattice with quarks as heavy as the bottom. Indeed, given the computing resources available nowadays, b-quarks can be propagated with their full relativistic action and without introducing unacceptably high cutoff effects only in sufficiently small volumes. These simulations can then be used to match non-perturbatively HQET with QCD [14] , and physical results can be obtained by calculating in the effective theory the running of the renormalization constants down to scales corresponding to sufficiently large physical volumes. Alternatively, finitevolume QCD results can be corrected by calculating in the full theory the finite-volume effects by means of a finite-size scaling technique [15] . These two strategies can be profitably combined as it has been done in the quenched theory [16] .
The other region of parameter space of our results spans the common range of bare couplings used in large-volume simulations of two-flavour lattice QCD, where non-perturbative improvement has particular relevance for charm physics applications [17, 18, 19] .
Improvement conditions at constant physics
The basic idea of on-shell improvement of a lattice field theory such as Wilson's formulation of lattice QCD as employed in the present paper consists in adding counterterms to the unimproved lattice action and fields such that the leading cutoff effects are cancelled in on-shell amplitudes. Having identified the cutoff effect at fixed g 0 , where a continuum symmetry is broken, the coefficients of the different improvement terms need to be fixed by suitable improvement conditions. These conditions can either require pure lattice artifacts, i.e. combinations of observables that are known to approach zero in the continuum limit of the theory, to vanish, or even more generally the scaling of some renormalized quantity. This then defines the values of the improvement coefficients as a function of the lattice spacing a or, equivalently, of the bare gauge coupling, g 2 0 = 6/β. In perturbation theory, where in principle lattice artifacts can be obtained from any renormalized quantity by subtracting its value in the continuum limit, the improvement coefficients are unique. Beyond perturbation theory, where one wants to determine the improvement coefficients by Monte Carlo calculations, they do not remain unique and depend on the choice of the condition. This in turn can be exploited in order to choose an improvement condition with a good sensitivity to the coefficient in question. In Wilson's lattice QCD, the resulting ambiguity is of O(a) in the coefficients and of O(a 2 ) in the physical observables after improvement. Extra care has to be exercised, however, if these ambiguities are large. A typical example of such a case, which has already been identified in the quenched approximation [8, 9] , is the renormalization of the subtracted bare quark mass in the O(a) improved theory, which amounts to consider QCD with non-degenerate quark masses.
The authors of ref. [21] have discussed the details of improvement and renormalization of the quark field bilinears in the presence of mass non-degenerate quarks. According to their results a flavour non-singlet bilinear O ij renormalizes as
while, because of the presence of disconnected diagrams, flavour singlet bilinears require a different renormalization constant and additional improvement coefficients. In the rest of our paper we consider only flavour non-singlet quantities and work at vanishing sea quark masses so that we need neither to write down contributions proportional to the improvement coefficientb O nor to discuss renormalization of flavour singlet quantities any further. Let us illustrate this now in more detail by directly entering the discussion of the situation in two-flavour QCD addressed by this work. To avoid notational overload and since any renormalization scale dependence is unimportant for the purpose of this section, we write m R as shorthand for m(µ) in the following.
The PCAC relation and mass non-degenerate quarks
For the formulation of proper improvement conditions in a non-perturbative calculation it is generally advantageous to use lattice artifacts that derive from a symmetry of the continuum field theory that is not respected by the lattice regularization. A particularly suited choice for the purpose of this work are violations of the PCAC relation between the axial vector current and the pseudo-scalar density. Assuming that on-shell O(a) improvement has been fully implemented and using renormalized currents in the lattice regularized theory, it reads 2) up to O(a 2 ) corrections, as long as x is not in the support of the source operator O. We adopt the standard renormalization pattern of improved lattice currents in a mass independent scheme which is conventionally decomposed as
Here, m denotes the bare current quark mass defined through some matrix element of the bare PCAC relation, where (A I ) a µ = A a µ + ac A ∂ µ P a is the O(a) improved axial current and c A (g 0 ) is taken to be the non-perturbative value of the two-flavour theory [20] .
On the other hand, starting from the bare quark mass m 0 of the Lagrangian, we have an alternative representation of the renormalized quark mass in terms of the O(a) improved subtracted bare quark mass, m q , viz.
By equating eqs. (2.3) and (2.4) one obtains the bare current quark mass in terms of the subtracted bare quark mass:
The renormalization factor
is finite, because the divergence of Z m is canceled by that of Z P . Therefore, Z is only a function of the improved bare coupling,
), while the second factor in (2.5) is not. Our simulations of the two-flavour theory were performed at vanishing sea quark mass (am (sea) q ≈ 0) and the valence quarks entering the bilinears are treated in the quenched approximation, hence g 2 0 = g 2 0 holds throughout. 1 To keep notation short, we do not explicitly write out the g 2 0 -dependence in our improvement coefficients and Z from now on.
To disentangle Z, b m and b P − b A in eq. (2.6) from each other later on, one has to consider non-degenerate current quark masses, m R,i = m R,j . In this theory the renormalized, improved axial currents and densities are given by a straightforward generalization of what was written down earlier [7] . More precisely, since the presence of non-degenerate masses breaks flavour symmetry, our starting point now are the off-diagonal bilinear fields,
As above, the renormalized PCAC relation
has to be understood as an operator identity, with
and (A I ) ij µ = A ij µ + ac A ∂ µ P ij . The renormalization constants Z A and Z P involved are the same as those in the theory with two mass-degenerate quarks, and the b-coefficients now multiply cutoff effects proportional to the average 1 2 (am q,i + am q,j ) of the subtracted bare quark masses.
Correspondingly, also the subtracted quark masses of each flavour i get separately improved, but share the renormalization factor of the degenerate case, viz. 12) and in analogy to eq. (2.5),
By inserting the last equation into the PCAC relation (2.9), and by solving for the associated bare current quark masses, we arrive at the generalization of eqs. (2.5) and (2.6) for the case of mass non-degenerate quarks:
again up to terms of O(a 2 ). Moreover, we introduce a third renormalized mass defined as the mean value of two given ones, In the following we show how one can extract b A − b P , b m and Z by applying eq. (2.14) with a few external operators resp. kinematical conditions [7, 8] (see also [22] ).
Schrödinger functional correlation functions
Particularly in the context of the QCD Schrödinger functional (SF) and its lattice formulation [10, 11, 12, 13] , the use of PCAC has proven to be very advantageous to solve improvement and renormalization problems in many situations, because there one has a large flexibility to choose appropriate improvement and renormalization conditions. Beyond that, one can compute, e.g., the improvement coefficients also for small values of the bare coupling g 0 , thereby making contact with their perturbative expansions. An overview is given, for instance, in ref. [23] .
If ζ and ζ denote boundary quark and anti-quark fields at Euclidean time x 0 = 0 [24] , the field products summed over the spatial volume,
yield pseudo-scalar boundary sources projected onto zero momentum. From these, the boundary-to-bulk resp. forward SF correlation functions in the pseudo-scalar channel are constructed from the axial current and density as
The corresponding bulk-to-boundary resp. backward correlation functions, g A,P , are related to the former by a time reflection and fall off with T −x 0 from their sources at x 0 = T as do the forward correlation functions with x 0 from x 0 = 0. In a vanishing background field, this time reflection symmetry can be utilized by taking their mean before building secondary quantities, in order to reduce the statistical noise. In the theory with mass non-degenerate quarks the bare correlation functions generalize to
We do not apply a summation convention here, and the boundary sources O ji are formally composed by non-degenerate boundary quark and anti-quark fields in the same way as the currents in eq. (2.8). Backward correlation functions g ij A,P (T − x 0 ) are defined analogously. Including the O(a) correction of the axial current as in eq. (2.10), the improved bare current quark masses 2 expressed in terms of the just introduced SF correlation functions are given by 20) where, only here, we explicitly indicate their additional dependence on L/a, T /L and the periodicity angle θ in the boundary conditions of the fermion fields. In the degenerate case (i = j), m ij reduces to the non-singlet PCAC mass of a flavour degenerate doublet. In this definition, ∂ 0 denotes the average of the usual forward and backward derivatives but, as in [7, 8, 9] , we have also employed current quark masses involving improved derivatives, obtained by the replacements (bA −bP)(amq,i +amq,j) for quark mass dependent cutoff effects.
Estimators for b
Following the strategy already proposed for the quenched computation in [8, 9] , we form ratios of suitable combinations of degenerate and non-degenerate current quark masses. Representing eq. (2.14) through the m ij now, it turns into 
24) 25) it is straightforward to deduce the following ratios, which define estimators for the desired improvement coefficients and renormalization constant:
While the leading cutoff effects on the estimators for the improvement coefficients R AP and R m depend (linearly) on the bare subtracted quark masses, the leading correction to the estimator R Z for the renormalization factor is O a 2 after inserting
The difference R AP − R m does not depend on the off-diagonal mass m 12 and the cutoffdependence of R Z is the one expected for a renormalization constant in the O(a) improved theory. Note that the essential piece for the disentanglement of R AP and R m is the introduction of a third mass in accordance with
as already anticipated in eqs. (2.15) and (2.16) before. Since the bare current quark masses m ij are functions of the time coordinate x 0 , where the operator insertion of the currents A 0 and P takes place, so do the estimators R X , X = AP, m, Z, depend on x 0 . Therefore, one has to specify the exact timeslice range used to compute the estimators R X . This choice must be considered as being part of a particular improvement condition, which uniquely defines the ratios R X as smooth functions of g 0 . Within the SF formalism, a good plateau in the local PCAC masses usually sets in around the midpoint of the time extension, T /2. This need not necessarily be the case for observables derived from these masses, especially when investigating improvement coefficients which genuinely emerge only at order a. Fluctuations are in general expected to show up, depending on the quantity and the region in bare parameter space where the simulation takes place, but this does not invalidate the once chosen improvement condition.
As we will use T = 3L/2 later on, our final estimators are defined as timeslice averages over the central third of the time extension:
Note that the main reason for this is rather to be less dependent on a special timeslice -which means to get a smoother and more reliable signal -than simply decreasing the size of the error. Furthermore, since the number of timeslices used for the plateau average scales with the lattice size, the physical size of this plateau is kept constant and hence automatically respects our requirement of a constant physics condition to be used below. subsectionGeneral remarks on improvement conditions at constant physics Before proceeding with the actual computation of b A − b P , b m and Z, we would like to discuss the virtues of improvement conditions at constant physics on more general grounds [23] .
In the aforementioned quenched investigations [8, 9] it was found that, e.g., the result for b A −b P at a ≈ 0.1 fm does depend significantly on the computational details, namely the timeslice location x 0 and the exact lattice representation of derivatives. (See also the upper right panel in figure 2 of the present work.) Obviously, this is quite an extreme example of an improvement coefficient that is difficult to determine, and its ambiguity from choosing a different improvement condition may even grow to the same order as the coefficient itself.
The reason for such a behaviour lies in the fact that the O(a) effects are not dominating over the O(a 2 ) ones in the considered correlation functions. Presumably, the O(a) effects are just not very large.
One of the benefits of the Schrödinger functional pointed out before is that improvement conditions formulated through SF correlation functions can also be studied in perturbation theory. Choosing kinematical variables such as x 0 /L, T /L and θ exactly as in the non-perturbative setup, the expansion of an improvement coefficient, here denoted generically by b, is calculated as a series
For our example of b A − b P it was observed in ref. [8] that the perturbative coefficients b (0) and b (1) show a similar dependence on the kinematics as the non-perturbative results. Our statement on the uniqueness of the improvement coefficients in perturbation theory at the beginning of this section, however, means that although generically the functions b (0) (a/L) and b (1) (a/L) will depend on the kinematical choices made in the improvement condition, the values b (0) (0) and b (1) (0) do not and are unique.
Hence, the following generic picture emerges. Once improvement conditions at constant physics are imposed, by which we mean that all length scales in the correlation functions that define the improvement condition are kept fixed in physical units, only the lattice spacing a changes when g 0 is varied. This is just the situation, to which Symanzik's local effective theory of cutoff effects can be applied. As a consequence, improvement coefficients extracted from different constant physics conditions are then expected to rapidly approach an almost unique function of g 0 as g 0 → 0. While it is clear from this discussion that fixed L in physical units is to be preferred whenever possible, in certain situations one may want to implement improvement conditions at fixed L/a for practical reasons. But in such a setting, the O(a) ambiguities in the improvement coefficients would not go to zero as g 0 → 0 (a → 0). 3 In the present situation, where we have to work at finite quark masses, also the combination Lm R,i should be kept constant. Note, however, that these constant physics conditions do not have to be satisfied very precisely, because this would affect corrections to an O(a) term only. In addition to the studies [8, 9] in quenched QCD, such conditions have meanwhile also been imposed for the determination of c A [20] and Z A [26] in the dynamical two-flavour theory.
Let us summarize the discussion of this subsection. While an unfortunately chosen improvement condition, but implemented at constant physics, may even enlarge the cutoff effects for intermediate a, it guarantees that linear a-effects are absent. Putting the improvement coefficient to zero or some perturbative approximation does not guarantee the latter, and the linear a-effects should at least be estimated in some way.
Numerical computation and results
The goal of this section is to non-perturbatively compute the improvement factors b m (g 0 ) and [b A − b P ](g 0 ) as well as the renormalization constant Z(g 0 ) in the N f = 2 dynamical case along the lines of the foregoing section.
The constant physics condition
In view of the freedom of possible legitimate choices for kinematical parameters within the SF formulation of lattice QCD [10] , it was found to be advantageous to choose slightly different, particularly adapted settings in specifying a suitable constant physics condition for each of the parameter regions mentioned in the introduction.
In the SF, the renormalization scale µ = 1/L and thus the physical volume are implicitly defined by demanding the non-perturbatively renormalized coupling to take a certain value. Therefore, to impose our improvement/normalization conditions on a line of constant physics, it is required to keep all length scales fixed as g 0 is varied, which we realize for the purposes of this work as 3 E.g., improvement conditions at fixed L/a were employed for the non-perturbative determination of csw and cA in quenched QCD [25] . In this case, however, the small tree-level a-effect was subtracted from the non-perturbative ones to insure that the improvement coefficients go to their tree-level values exactly; furthermore, the conditions were chosen such that also |b
• condition 1:
• condition 2:
supplemented by choosing as fixed kinematical parameters
3)
where C k and C k induce the Dirichlet boundary conditions of the gauge field at x 0 = 0 and T , respectively. The first β-range ('condition 1') refers to a region of weak couplings encountered in solving renormalization problems of lattice HQET and in studies of B-physics observables in the continuum limit of finite-volume two-flavour lattice QCD, see refs. [27, 28] and section 4. Our second β-range ('condition 2') corresponds to lattice spacings of 0.09 fm a 0.04 fm [29, 30] , which is the typical coupling region employed in N f = 2 large-volume simulations. In this case, the choice θ = 0 (periodic boundary conditions) together with an intermediate physical volume of L ≈ 1.2 fm is guided by experiences made in the context of the non-perturbative redetermination of the axial current renormalization constant Z A in ref. [26] . There it was observed that this is a kinematical region, where a 2 -effects (which can be significant at a ≈ 0.1 fm) are better suppressed, implying reduced intrinsic a 2 -ambiguities in Z A , and SF simulations can be done close to or in the chiral limit of vanishing sea quark mass. The chiral limit can be reached in the simulations, when the infrared cutoff on the spectrum of the Dirac operator (in the SF dominantly controlled by 1/T ) is sufficiently large, so that T = 3L/2 ≈ 1.8 fm is a feasible choice for this parameter region and the underlying N f = 2 gauge field configurations could be shared among the two projects.
For the generation of our dynamical gauge field configurations with N f = 2 massless sea quarks, we employed the HMC algorithm with two pseudo-fermion fields as proposed in [31, 32] . The particular implementation has been discussed and tested in refs. [33, 34] and following the latter, for the β-range and volume of (3.2) we always chose a molecular dynamics trajectory length of τ = 2, the only exception being β = 5.2, where we set τ = 1.
For the β-range and volume of (3.1), we had τ = 1 throughout. To prepare a light sea quark doublet of mass zero in the simulations, the corresponding hopping parameter, κ l , was tuned to its critical value, κ c .
In order to complete the definition of the lines of constant physics, values for the bare PCAC masses of the valence quarks must be selected. In order to get an impression of the quark mass dependence in physical observables, we consider in analogy to the quenched study [9] two sets, set 1 :
set 2 : where throughout this section all bare current quark masses are understood to be calculated according to an averaging prescription analogous to eq. (2.31). The appearing local current quark masses m ii (x 0 ) are evaluated using the standard lattice derivative as implied, following standard conventions, by its definition (2.20) based on the O(a) improved PCAC relation (2.9). The choice on Lm 22 in set 1 is motivated by experiences from the quenched investigation, ref. [8] , where it was argued to be advantageous w.r.t. the size of O(a) ambiguities encountered in perturbation theory. By contrast, the choice of Lm 22 ≈ 2.5 in set 2 is closer to the typical b-quark region itself. The conditions on Lm 22 have been satisfied by adjusting the hopping parameters κ 2 , responsible for the mass value of the heavy valence quark flavour. The hopping parameter κ 3 needed to extract b m , which fixes a third mass value according to eq. (2.30), is given by κ 3 = 2κ 1 κ 2 (κ 1 + κ 2 ) and was directly implemented in the measurement code to avoid rounding errors. Furthermore, we exploit the additional time-reflection symmetry of the forward and backward boundary-to-bulk fermionic SF correlation functions introduced in the previous section by summing them in the analysis accordingly.
Results in the weak-coupling region of finite-volume QCD
The parameter values for calculating the ratios R X in L ≈ 0.25 fm are given in table 1. Our statistics consists of 200 − 300 gauge field configurations stored at frequencies 5 − 10 in units of molecular dynamics trajectories. The time extent T = 3L/2 is chosen such that the plateau average, eq. (2.31), is less affected by finite-size effects stemming from the boundaries compared to the other natural choice T = L. After having produced gauge field configurations with N f = 2 massless dynamical quarks, we performed one or two steps of tuning to properly adjust κ 2 and satisfy the conditions 4 imposed on Lm 22 (see also figure 1 ). The estimators R X , X ∈ {AP, m, Z}, are defined in terms of PCAC masses, which are secondary quantities themselves, built from SF correlation functions by means of eq. (2.20). For the evaluation of all our observables and their statistical errors we hence employed the Γ-method [35] , which directly analyzes their autocorrelation functions. As a cross-check, a standard Jackknife procedure was applied as well. The results for R X from improvement condition 1 for set 1 and set 2 are listed in table 2.
The two plots on the r.h.s. of figure 2 show the timeslice dependence R AP (x 0 ) and R m (x 0 ) for set 1 at L/a = 12 and β = 6.3158. The averaged estimators that represent our main results are shown as error bands. The filled symbols refer to improved time derivatives, (2.21) , while the open symbols are obtained using the standard derivatives. Their difference can become quite large especially for R AP , as can be inferred from the plot. This is expected to be a pure cutoff effect and underlines the necessity to use improved derivatives. A plateau in R AP (x 0 ) is visible in the data for both, standard and improved derivatives, but it is more pronounced for the latter. For a careful error analysis we also looked at the dependence of the mean values and errors on the number of points entering the plateau average about x 0 = T /2. This is exemplarily shown in the left plot of figure 2. There the leftmost point is the one at x 0 = T /2 in the plots on the right. In the examples given here, the plateau average is approached fast. This also nicely reflects that a plateau average is less affected by local fluctuations, which could distort the mean value by more than its associated uncertainty. If a plateau is visible, the averaging prescription -being considered as part of the definition of the R X as pointed out before -leads to a more reliable estimate for the mean value and the corresponding error.
The dependence of our main estimates R X is visualized in the left plot of figure 3 . The non-perturbative data points show a smooth dependence on g 2 0 as expected, suggesting that the correct scaling of discretization errors proportional to a for the improvement coefficients and a 2 for the renormalization constant is met. Red data points correspond to our preferred choice, set 1, whereas the blue points belong to set 2. The qualitative dependence on g 2 0 is comparable to the quenched case [9] . Note, however, that such a direct comparison at the quantitative level is of limited meaning only, since in the latter case the bare parameter region of the simulations referred to a smaller physical volume and the relation between the lattice spacing and the bare coupling is different from the two-flavour theory.
In our fixed-volume computations, the lattice resolution gets smaller with decreasing g 2 0 . Accordingly, the difference between both data sets decreases in this direction as it should be. Except for R AP , set 1, the non-perturbative points show a partly significant deviation from the one-loop perturbative predictions [8, 36] that are drawn as dashed lines in figure 3 , too. For R m this deviation is of O(10%) and for R Z still about 1%. One also observes the results of set 2 to have a larger curvature, but a smaller error in the range of bare couplings considered here. This may be explained by the much larger valence quark mass, Lm 22 | set2 ≈ 5Lm 22 | set1 , where the dynamics is governed by the heavy quark flavour and dominates the fluctuations induced by the dynamical massless quarks in the gauge background.
The difference of R X between two improvement conditions is a measure for its O(a n ) ambiguity. In the extreme case of b A − b P , this difference in the results between sets 1 and 2 is of the same order as the improvement coefficient itself so that in such a situation it appears rather tempting to just put the coefficient to zero. In the light of the qualitative discussion in subsection 2.3, however, it should be obvious that it is then not guaranteed that linear a-effects are absent after improvement. Thus, an extrapolation to the continuum using an O(a 2 ) model function for the cutoff effects might then give significantly wrong results. Based on this warning, let us now study such ambiguities quantitatively. O(a n ) ambiguities As a consequence of the very idea of the constant physics condition, any other estimate R X (i.e. stemming from a different choice of improvement or renormalization condition) in general will yield a different functional dependence upon g 2 0 (and therefore a/L), but its differences are again smooth functions that must vanish in the continuum limit with a rate proportional to a/L for improvement coefficients or (a/L) 2 for renormalization constants. Regardless of their actual size, these intrinsic O(a n ) ambiguities (n = 1, 2) imply that rather than a numerical value at some given β, the important information lies in the correct g 2 0 -dependence of the estimators R X , X ∈ {AP, m, Z}, obtained by working at 
Figure 4: The differences ∆R X of the estimators R X among the two sets of results, as defined in eq. (3.6). Within errors, the differences approach zero with a rate proportional to a/L (for improvement coefficients) and (a/L) 2 (for the renormalization factor) as expected. The earlier quenched results [9] are added for comparison.
constant physics while varying β. To demonstrate this, we investigated a few alternative improvement conditions, which are either already provided by the two quark mass choices themselves, eqs. (3.4) and (3.5), or by defining the estimators R X with standard instead of improved derivatives.
Regarding the latter, we mentioned before that cutoff effects are visible between the use of standard and improved time derivatives, which are used to build the PCAC masses, and the reader may have wondered already about the large differences between these two choices of lattice derivatives in figure 2. But one should keep in mind that these results refer to an intermediate lattice spacing with L/a = 12. When performing the full analysis for each data set with the standard derivatives, however, the differences to the results from employing improved derivatives were found to vanish in the limit a → 0 as expected.
In addition, the two choices (3.4) and (3.5) made for the non-vanishing valence quark mass themselves correspond to different improvement conditions to extract the estimators R X and so may yield an impression of the intrinsic cutoff ambiguities. To this end we define [9] lie in the same ballpark, which can be attributed to the fact that the impact of the dynamical light quarks largely cancels out in the differences (3.6); on top of that, the cutoff ambiguities are dominated by the heavy quark mass content, which is about the same in both studies. In summary, the scaling behaviour observed in the various differences of estimators (3.6) confirms the theoretical expectation of the universality of the continuum limit and supports the reliability of the applied non-perturbative method also in the case of N f = 2 dynamical quarks. Although based on theoretical grounds discussed in subsection 2.3 we expect that physical observables involving sets of improvement coefficients from different constant physics conditions will have the same continuum limit, let us illustrate this in a concrete example. We consider the dimensionless combination L 1 Γ PS , deriving from an effective energy that is extracted from the (improved) SF correlator of the time component of the axial vector current in a finite volume L 4 1 with L 1 ≈ 0.5 fm,
We confront its lattice spacing dependence using b m and Z of set 1 with that using b m and Z of set 2 to fix the dimensionless renormalization group invariant (RGI) heavy quark mass to z = 12, 16 for lattice resolutions of L 1 /a = 20 − 40. For further technical details, see section 4. Both data sets and its unconstrained continuum extrapolations linear in (a/L) 2 are displayed in figure 5 and extrapolate to the same continuum limit. Associated statistical errors are smaller or of the order of the symbol size. The assumed quadratic scaling behaviour is clearly violated for the coarsest lattice at z = 16 in set 1 though, because quark mass dependent cutoff effects are substantial in that case. Hence, we discarded the L/a = 20 points in our fits of data set 1. The fact that cutoff effects in L 1 Γ PS for both cases are larger for set 1 is not surprising, since the improvement condition of set 2 with L 0 m 22 ≈ 2.5 and thus L 1 m 22 ≈ 5 is much closer to the line in parameter space with z = 12, 16 along which L 1 Γ PS was computed. This general behaviour present in our new data was also observed in the quenched case [9] . The slope of the blue solid line at z = 16 is approximately 6.5 times larger than the corresponding one at z = 12. However, from the excellent agreement of the continuum limits in both cases one infers once more that our results correctly model the g 2 0 -dependence of b m and Z. No matter which set of improvement conditions is used, both entail convergence to the continuum limit with leading corrections of O(a 2 ) in the O(a) improved theory. Consequently we can conclude that the ambiguity introduced by choosing either set 1 or set 2 vanishes in the continuum limit also for other values of z and/or observables and universality holds.
Results in the coupling region of large-volume simulations
Besides in the parameter range discussed in the previous subsection, which is relevant, for instance, in the context of the matching calculations of HQET and QCD and to which we will come back again in the next subsection, the estimators R X , X ∈ {AP, m, Z}, are also of strong interest in the parameter region, where lattice computations of hadron masses and matrix elements in physically large volumes usually take place. This is particularly the case for mesons involving the charm quark, because large-volume studies in the quenched approximation [17, 18] have already given clear evidence for possibly substantial quark mass dependent cutoff effects down to a ≈ 0.05 fm so that a non-perturbative removal of the associated O(a) corrections is highly desirable. Thus, we here provide b A − b P , b m and Z as functions in g 2 0 covering the range 5.2 ≤ β ≤ 5.7, which then will allows to interpolate to the typical β-values relevant for large-volume computations in two-flavour lattice QCD.
In table 3 we summarize the corresponding simulation parameters, where the relation between L * /a and g 0 from ref. [30] was taken to translate the constant physics condition 2, eq. (3.2), to pairs of (L/a, β). Owing to algorithmic instabilities caused by the appearance of very small, unphysical eigenvalues of the SF Wilson-Dirac operator [37, 38] , the lattice with the coarsest lattice spacing (i.e. L/a = 12 at β = 5.2) could only be simulated down to bare PCAC sea quark masses of about am l ≡ am (sea) ≈ 0.01. Therefore, our computations for this parameter set were based on dynamical configurations at three sea quark mass values 0.01, made available to us through the determination of Z A reported in [26] , in order to extrapolate the results for β = 5.2 to the chiral limit.
To eventually extract the estimators R X through eq. (3.2), we here considered the setting (3.4) for the non-degenerate valence quarks so that the heavier PCAC quark mass Lm 22 had to be tuned to ≈ 0.5, while the light one was again identified with the sea quark Table 4 : Results at β = 5.2 before extrapolating to the massless limit, stemming from averages over the central T /3 timeslices and from using x 0 = T /2 only.
mass, Lm 11 = Lm l , by setting κ 1 = κ l (= κ c in case of β = 5.4, 5.7 only). Lm 11 and Lm 22 are also listed in table 3.
For the β = 5.2 data we do not observe a pronounced plateau in R X (x 0 ), and we thus gather in table 4 results stemming from our standard definition with an average taken over timeslices of the central third of the time extent, together with the corresponding results obtained at x 0 = T /2. Note that the improvement coefficients are well compatible within errors, whereas for the renormalization constant this is only the case for the smallest light quark mass. We hence decided to not alter our procedure of estimating these quantities using timeslice averages. As for the chiral extrapolation Lm 11 = Lm l → 0 of the β = 5.2 results, we investigated fits of R X to a constant as well as linear and quadratic fits using two or all three (light valence = sea) quark mass points, which gave overall consistent results, since the dependence on the light quark mass is rather mild. Two-and three-point weighted averages turned out to be most conservative and as estimates in the massless limit we just quote the weighted averages of the numbers at the two lightest quark masses. To account for a systematic error due to O(am l ) contaminations, we follow ref. [26] and inflate the error of the mean by its difference to the heaviest sea quark mass point linearly. Our final results for all values of β are summarized in table 5. Since simulations with massless dynamical quarks in this parameter region are numerically much more expensive, the β = 5.4 and 5.7 data samples have a much smaller statistics compared to the ones reported in subsection 3.2. Consequently, the estimates in this parameter region have an uncertainty, which in general is one order of magnitude larger than in our small volume simulations at weaker couplings. Even though one might generically expect a universal curve connecting the results in distinct parameter regions, one encounters significantly different cutoff effects owing to different improvement conditions applied, as reflected on the r.h.s of figure 3 .
For later use of our results it seems appropriate to represent them as smooth functions in the interval 5.2 β 5.7. As in the quenched computation [8] , we can readily parametrize Z, b A − b P and b m by means of Padé fits in g 2 0 that are constrained to pass asymptotically into the perturbative one-loop predictions in the limit g 2 0 → 0. In case of the renormalization factor Z, the fit 
Lines of constant physics in finite-volume QCD
As an immediate application of the results obtained in subsection 3.2, we address the computation of the dependence of heavy-light meson observables on the heavy quark mass in the continuum limit of finite-volume QCD. This is one of the key elements in the basic strategy [14] to non-perturbatively determine HQET parameters by a matching to QCD. Here, we only restrict the discussion to the fixing of the RGI heavy quark mass in a given finite volume to a series of values covering the b-quark mass down to the onset of the charm quark region, because it is this part, where b m and Z directly enter. A preliminary account on the subsequent computation of the heavy quark mass dependence of finite-volume QCD observables was given in the report [28] .
Since we are eventually interested in quark mass dependent quantities evaluated in the continuum limit of finite-volume QCD, we want to calculate them for a series of bare parameters (L/a, β, κ l ) such that the renormalized parameters in the light quark sector are fixed and in this way physics is kept constant along the approach to the continuum limit. As before, κ l is the hopping parameter of the mass degenerate dynamical light quarks, while their PCAC mass is denoted by m l . In order to also fix the renormalized masses of the non-degenerate valence quarks in units of a physical scale later on, one first has to specify a suitable value of the renormalized SF coupling,ḡ 2 (L), which then, by its very definition [10] , automatically fixes the spatial extent of the SF cylinder as the only scale of our system. Thus, in addition to θ = 0.5 and T = L, we choosē
and thereby impose a constant physics condition on the renormalized coupling and the mass of the sea quark doublet in a finite volume of extent L 0 . Implicitly, this condition defines the volume characterized by L 1 = 2L 0 , in which the non-perturbative matching between HQET and QCD will be performed [27] . Although an exact knowledge of given L 0 /a ≤ 16 to this target, based on the known dependence of the SF coupling and the current quark mass on the bare parameters (β, κ) available from the data of ref. [39] . 5 The condition of zero light sea quark mass in eq. (4.1) is met by setting κ l to the critical hopping parameter, κ c , estimated again on basis of published data [39] , whereby a slight mismatch of |L 0 m l (L 0 )| < 0.05 of this condition is tolerable in practice. The triples (L 0 /a, β, κ l ) resulting from this procedure are those of table 1, used in our study of improvement and renormalization factors described above. In order to avoid a non-negligible systematic error from small violations of the condition (4.1) on results of any subsequent computations in L 4 1 though, the β-values were checked and fine-tuned further by additional simulations, which at the end led to the values in the second column of table 6. The corresponding small shifts in β affect our previous estimates of b A − b P , b m and Z only at a negligible level, because any deviation from the line of constant physics just entails a small change of the O(a 2 ) effects that we nevertheless account for by interpolations in β. The resulting, slightly moved values of b A − b P , b m and Z can be found in table 6, too.
For the intended study of finite-volume QCD observables [28] we consider SF correlation functions composed of a non-degenerate heavy-light valence quark doublet, where the light valence quark mass is again chosen to be equal to the vanishing sea quark mass adopted in the generation of the dynamical gauge configurations, i.e. it is set to κ l = κ c . Computing the heavy quark mass dependence of observables then amounts to evaluate the correlators on these configurations in a volume L 3 1 × T , T = L 1 , for a sequence of renormalized heavy valence quark mass values in a region extending from charm to beauty. For this purpose, the latter have to be fixed as precisely as possible for the same given pairs (L 0 /a, β) that already fix the volume L 1 via enforcing constant physics at L 0 = L 1 /2 through eq. (4.1). Therefore, starting from (2.13), we exploit the O(a) improved relation between the subtracted bare heavy quark mass m q,h and the corresponding RGI mass, viz.
where
and the axial current renormalization constant Z A in dependence of g 0 is non-perturbatively know for N f = 2 from ref. [26] . The scale dependent renormalization constant Z P was nonperturbatively determined in the course of our simulations in L = L 0 , following exactly the prescription in ref. [40] . Its values relevant here (modulo a slight extrapolation in β as in the case of b A − b P , b m and Z) are listed in the third column of table 6. In eq. (4.2), there also appears the factor
which represents the universal, regularization independent ratio of the RGI heavy quark mass, M , to the running quark mass m in the SF scheme at the renormalization scale µ 0 . h(L 0 ) was evaluated by a reanalysis of available data on the non-perturbative quark mass renormalization in two-flavour QCD, also published in ref. [40] . Having all ingredients of eqs. (4.2) -(4.4) at hand, particularly the improvement coefficient b m and the renormalization constant Z obtained in this work, these equations can now straightforwardly be solved for any specific value of the dimensionless RGI heavy quark mass in L 1 , 5) to yield the desired hopping parameter associated with the mass of the heavy valence quark flavour, the condition that in ref. [8] was found advantageous from the point of view of perturbation theory 6 . Owing to the sign and the order of magnitude of the non-perturbative values for b m in the β-range relevant here, eq. (4.6) has no real solutions for arbitrarily high z-values. This demands to balance the upper bound on z against the lattice resolutions one wants to simulate. In our case of L 1 /a = 2L 0 /a = 20, 24, 32, 40 we thus opted for nine values, z ∈ {4, 6, 7, 9, 11, 13, 15, 18, 21} , (4.7)
which fairly span a range from around the charm to beyond the b-quark mass region. Equation (4.6) then yields the corresponding sets of heavy-flavour hopping parameters for each L 1 /a collected in table 7, where solutions of (4.6) with z = 18, 21 only exist for inverse lattice spacings of L 1 /a = 24, 32, 40.
Verification of O(a) improvement
For fixing z to the values in (4.7), one specific definition of the quark mass was applied, namely the relation between the bare subtracted heavy quark mass and the corresponding RGI mass (4.2), where the previously determined improvement coefficient b m (g 0 ) and the renormalization constant Z(g 0 ) enter. Nevertheless it appears tempting to have a look at equivalent definitions of the RGI heavy quark mass based on the PCAC relation, in order to provide another check of universality of the continuum limit in the O(a) improved theory. As a spin-off, this allows to also apply our non-perturbative knowledge of [b A −b P ](g 0 ) from subsection 3.2 in an actual calculation, even though the influence of the results on b A − b P belonging to the 'set 1' in this parameter region is expected to be numerically very small. 7 For each (L 1 /a, β, κ l ), we take the heavy valence quark hopping parameters corresponding to the subset z ∈ {4, 7, 11, 15, 18, 21} and compute the bare PCAC masses m ij of eq. (2.20) from the heavy-light (i = h, j = l) and heavy-heavy (i = j = h) axial current and pseudo-scalar density. With eqs. (2.9) -(2.11) in mind, the renormalized PCAC quark masses then read
Since we are interested in recovering the above values of z = L 1 M by a continuum extrapolation of suitable PCAC quark masses, we need to express eq. (4.8) by RG invariants accordingly. Introducing the total renormalization factor
with h(L 0 ) from eq. (4.4), we end up with
From the PCAC quark mass definition via the heavy-heavy current one thus directly has here, z (ll) as in eq. (4.10), but with h → l. Since we have κ l = κ c for our light sea and valence quarks, this reduces to
Based on universality arguments, we expect the continuum extrapolations of eqs. (4.10) and (4.12) to approach the corresponding values of z fixed via the subtracted heavy quark mass, eq. (4.2). This is illustrated in figure 7 . We show the results obtained from the heavy-light (z (hl) ) and the heavy-heavy (z (hh) ) current and compare the estimators for the PCAC masses using standard and improved lattice derivatives as introduced earlier, c.f. eq. (2.21). In qualitative agreement with our findings before, we in general observe that the cutoff effects increase with increasing values of z. The other expectation that cutoff effects are reduced when using improved lattice derivatives is clearly reflected as well. Whereas the continuum extrapolations for both lattice derivatives in the heavy-light case nicely match each other and coincide with the z-targets even at large values of z, one observes a slight mismatch for z ≥ 15 in the heavy-heavy current case. This pattern can be explained by increasingly large quark mass dependent a-effects inherent to the standard lattice derivative. Since we used improved lattice derivatives in the course of estimating b A − b P , b m and Z underlying this analysis, it does not come as a surprise that the smallest cutoff effects are seen for z (hh) with improved derivatives. This is further supported by the fact that the extrapolating fit function meets the data points even beyond the range included in the fit.
Error budget
To summarize, (L 1 /a, β, κ l , κ i ), with κ i ≡ κ (i) h and i = 1, . . . , 9, finally constitute the parameters of the numerical valence quark propagator calculations, from which the heavy-light correlation functions and the heavy quark mass dependence of the observables constructed from them are to be extracted. If for some reason (say, because of yet having used tentative results for the quantities entering (4.6)) a subsequent calculation was based on a marginally different set of κ-values, the associated small mismatch in having fixed z for each L 1 /a can easily be corrected by a small interpolation.
At this point it still remains to quantify the uncertainty of z, which comes into play through the various factors and coefficients it depends on and which itself has to be propagated into any secondary quantity that is regarded as a function of z. With the estimate ∆Z A /Z A ≈ 0.36% as quoted in [26] and ∆Z P /Z P , ∆Z/Z as well as ∆b m /b m taken from table 6, ones obtains according to the standard rules of Gaussian error propagation an accumulated relative error on z in the range 0.38% ≤ (∆z/z) ≤ 0.41%. This holds for all values of z in (4.7) and inverse lattice resolutions L 1 /a, but without the contribution from the continuum factor h(L 0 ). The latter represents with ∆h/h = 0.92% the dominating source of uncertainty in the total error budget of ∆z/z = 1.01%, when the fixing of z proceeds as described here.
Conclusions
In this paper we have non-perturbatively determined the renormalization constant and the improvement coefficients relating the renormalized current and subtracted quark mass in O(a) improved two-flavour lattice QCD. To solve this rather technical and difficult numerical problem, improvement and normalization conditions on lines of constant physics were imposed, which ensures a smooth dependence of these quantities on the bare coupling g 0 and the correct scaling of discretization errors proportional to a (for the improvement coefficients) and a 2 (for the renormalization constant), respectively. In particular, our results open the way to a precision study of B-physics on the lattice, whose feasibility has already been demonstrated within the very useful test-laboratory of the quenched approximation over the last years [15, 16, 41, 42] .
An important element within these approaches is the separation of the scales characterizing heavy-light systems and the introduction of small physical volumes in order to perform QCD calculations with relativistic b-quarks. These simulations can only be performed by knowing the renormalization constants and improvement coefficients computed in the present paper for the dynamical two-flavour theory. As explained in section 4, with the help of the latter the renormalization group invariant heavy quark mass in finite-volume simulations of the O(a) improved theory can accurately be fixed to values from the b-down to the c-quark region. Moreover, our results are also required when computing charmed observables by making simulations on the same volumes used to study light flavour physics.
In the N f = 2 dynamical case, the programme of calculating the HQET parameters at O(1/m b ) non-perturbatively by a matching to QCD, which already employs part of the results of this work, is well advanced and progressing fast and will allow to determine several phenomenologically interesting quantities such as, for instance, the b-quark mass and B-meson decay constant. As a further interesting direction for applications of the results of our work let us mention the non-perturbative tests of the HQET expansion in the spirit of the quenched investigation [43] , which may greatly improve our confidence in the use of the effective theory. This will be presented in a forthcoming publication.
